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Abstract 
A graph is called a Frobenius graph if it is a connected orbital graph of a Frobenius group. 
In this paper, we show first that almost all orbital regular graphs are Frobenius graphs. Then we 
give a description of Frobenius graphs in terms of a family of (usually smaller) Frobenius graphs 
which are Cayley graphs for elementary abelian groups. Finally, based on this description, we 
obtain a formula for calculating the edge-forwarding index of Frobenius graphs. 
I. Introduction 
In [6] Heydemann et al. introduced the edge-forwarding index II(F) of a finite 
graph F as a measure of the maximal load carried by an edge of F, where F is 
viewed as a model for studying traffic flow on an interconnection network. In general, 
l I(F) is difficult to determine xplicitly, but in [6] a method for doing so was given 
for a certain class of graphs which involved averaging over the distances between 
pairs of distinct vertices of F. The method could be applied to graphs having a certain 
'routing' property. Patrick S016 [10] studied the class of orbital regular graphs; showing, 
in particular, that they possessed the required routing property. He computed the edge- 
forwarding index explicitly for two infinite families of orbital regular graphs. 
The purpose of this paper is, first, to show that almost all finite orbital regular 
graphs are orbital graphs of Frobenius groups, and we shall call such graphs Frobenius 
graphs. Next, we analyse the structure of Frobenius graphs F and, in particular, identify 
a family F(F) of smaller Frobenius graphs which are all quotients of F, are determined 
by F, and are edge-transitive Cayley graphs of elementary abelian p-groups for various 
primes p. We consider the problem of determining the class of Frobenius graphs which 
give rise to a given family F(F), and finally, we study the problem of determining the 
edge-forwarding index for Frobenius graphs. 
For a permutation group G on a set Is, G induces a natural action on V × V by 
(x,y)g=(xg, y g) for x, yEV and gEG. I f  G is transitive on V then the orbits of G 
in this action are called orbitals. I f  G is transitive on V then the set {(x,x)lxE V} 
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is one of the G-orbits in V x V and is called the trivial G-orbital; in general, this set 
will be a union of G-orbitals. The remaining pairs thus form a G-invariant set which 
is denoted by 
(V)2= {(x, y)[x, yC V,x~ y} 
and each G-orbit in (V)2 is called a nontrivial orbital. A G-orbital O in Vx V has a 
paired orbital O* which consists of all the pairs (y,x) where (x, y)E O. A permutation 
group G on V is said to be regular if G is transitive on V and the only element of G 
which fixes a point of V is the identity element of G. With these preparatory remarks 
we may now define orbital regular graphs. Note that in the definition we do not assume 
that the group G is transitive on vertices. 
Definition 1.1. Let F=(V,E) be a simple undirected connected graph and let G be a 
subgroup of the automorphism group Aut F of F. Then F is said to be a G-orbital 
regular graph if G is regular on each of its orbits in (V)2, and there is a G-orbital O 
in (V)2 such that 
E={{x,y}l(x,y)CO}. 
A graph F is said to be an orbital regular graph if it is G-orbital regular for some 
G~<Aut F. 
For such a graph F, the ordered pairs (x,y) in OUO* are called the arcs of F. 
Obviously, if O = O* then G is regular on the set of arcs of F; if O ¢ O* then G is 
regular on E. 
Remarks  on Definition 1.1. We were a little unclear whether at the beginning of 
Section 2 of [10], the set (V)2 was intended to be a set of ordered pairs or unordered 
pairs of points from V (although later in the paper, in the proof of [I0, Theorem 2.2], 
it seems that (V)2 is the set of all ordered pairs of distinct points of V). Because 
of this we are uncertain whether our definition of orbital regular graphs is precisely 
the same as the one given by Patrick So16 in [10]. Specifically, if the orbital O in 
Definition 1.1 is not self-paired then we are not sure whether the corresponding orbital 
graph would be regarded as an orbital regular graph by Sol& Thus, our class of orbital 
regular graphs may be larger than Sol6's. However, whether or not this is the case, 
it is easy to verify that the proof of Sol6's result [10, Theorem 2.2] about the edge- 
forwarding index of an orbital regular graph holds also for graphs which are orbital 
regular according to our definition. 
In order to define Frobenius graphs we need some information about Frobenius 
groups. A Frobenius group is a transitive permutation group on a set V which is not 
regular on V, but has the property that the only element of G which fixes at least two 
points of V is the identity element of G. It was shown by Thompson ([11,12] or see [5, 
pp. 38 and 339]) that a finite Frobenius group G has a nilpotent normal subgroup K, 
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called the Frobenius kernel, which is regular on V. Thus, G is the semidirect product 
K:H, where H is the stabiliser of a point of V; each such subgroup H is called a 
Frobenius complement for K in G. 
Definition 1.2. Let G be a Frobenius group on a set V. Then a G-Frobenius graph is 
a connected graph F with vertex set V such that for some G-orbital O in (V)2, the 
edge set of F is E={{x,y} l (x ,y )EO }. If the Frobenius kernel of G is elementary 
abelian, then we shall say that the Frobenius graph F is affine. 
It follows from the definition of a Frobenius group that every Frobenius graph is 
an orbital regular graph. We shall show that almost all orbital regular graphs are 
Frobenius graphs. (In the following Cn denotes a cycle with n vertices, and Km, r 
denotes a complete bipartite graph with the bipartition having parts of sizes m and r.) 
Theorem 1.3. Let F be a graph with n vertices and let G ~<Aut F. Then F is a 
G-orbital regular graph if and only if one of the following holds: 
(i) F is a G-Frobenius graph or, 
(ii) F=Cn and G=7/n where n>~3 or, 
(iii) F=Kl,n-1. 
Let G=K:H be a Frobenius group with Frobenius kernelK and let F be a G- 
Frobenius graph. The next simple result shows that F is a connected Cayley graph for 
K. Such a graph is defined as follows. A subset S of K such that S -1 = {x -1 [xES} 
is equal to S, and 1 ~S is called a Cayley subset ofK .  A Cayley graph Cay(K,S) for 
K relative to a Cayley subset S is defined as the graph with vertex set K and edges 
the pairs {x,y} from K such that xy- lES ;  Cay(K,S) is connected if and only if 
S is a generating set for K. (For xEK, x I4 denotes the set of conjugates xh =h-lxh, 
for hEH.) 
Theorem 1.4. Let G--K :H be a finite Frobenius group with Frobenius kernelK and 
Frobenius complement H. Then a G-Frobenius graph is a Cayley graph F--Cay(K, S) 
for K, for some Cayley subset S of the form 
x H if  IHI is even or Ixl = 2, 
S= x~/U(x- l)  ~ if lHI i s °ddand lx l¢2 ,  
(1) 
for some xEK with the property (xH)=K. Conversely, if xEK  is such that (x 14) =K, 
then F=Cay(K,S) is a G-Frobenius graph where S is defined as in (1). 
With this description of a Frobenius graph F as a Cayley graph we can explore 
the structure of various quotient graphs of F. We construct a family F (F )= {F/ l iE/} 
of quotient graphs each of which is a Cayley graph for an elementary abelian group, 
and show that F is a G-Frobenius graph if and only if for each iEI, Fi is an affine 
Gi-Frobenius graph (see Theorem 1.5 for a definition of the groups Gi). I f  G is a finite 
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Frobenius group with kemelK then by Thompson's theorem [11, 12], K is nilpotent 
and hence is the direct product of its Sylow subgroups. For a finite group G, ~(G) 
denotes the Frattini subgroup of G. 
Theorem 1.5. Let G=K:H be a finite Frobenius group with Frobenius kernel K= 
P1 × "'" × Pt, where P1 . . . . .  Pt are the distinct Sylow subgroups of  K. For i= 1,.. . ,t ,  
write Ki:=Pi/cb(P~) and Gi:=K~:H. Let x=x l  . . .xtCK\{1} with x~EPi\{1}. Set 
S=xI-ItA (x - l )  n, for each i--1 . . . . .  t, set S i=~(Pi)xf f  tA ~(Pi)(x71) H, and define 
F=Cay(K ,S)  and Fi=Cay(Ki,Si). Then F is a G-Frobenius graph if and only if for 
each i = 1 . . . . .  t, Fii is a Gi-Frobenius graph. 
Finally, we consider the problem of finding the edge-forwarding index for orbital 
regular graphs, using the understanding we have gained so far about Frobenius graphs. 
For a G-Frobenius graph F, where G=K:H,  we say that F has type-(nl . . . . .  nd) if d 
is the diameter of F and, for each i = 1 . . . . .  d, n i is the number of H-orbits of vertices 
at distance i from 1 in F. So16 [10, Theorem 2.2] showed that, for an orbital regular 
graph F=(V,E) ,  the edge-forwarding index El(F) is given by 
1 ~ d(u, v), 
mr)= lEVI (u,~)~ v×v 
where d(u, v) is the distance in F between vertices u and v. As a simple restatement 
of this result for G-Frobenius graphs we obtain an expression for I I (F)  in terms of 
the type of F. 
Theorem 1.6. Let G=K:H be a Frobenius group and let F be a G-Frobenius graph 
of  type-(nl . . . . .  na). Then 
El(r)= { 2 £~='d . ini if IHI is even or Ixl = 2, 
~e=l zni V IHI is odd and Ixl >2. 
(2) 
Further, IHI is odd and Ixl >2 i f  and only if nl =2. 
We use this to determine El(F) for all G-Frobenius graphs with G of rank at most 5. 
2. A description of orbital regular graphs 
In this section we give a description of orbital regular graphs. First we show that 
almost all orbital regular graphs are Frobenius graphs, that is, we prove Theorem 1.3. 
For a permutation group on a set V, and for {u, v}C_ V, G{u,v} and Guy denote the 
setwise and pointwise stabilisers of {u, v}, respectively. 
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Proof of Theorem 1.3. It is easy to see that Cn is a Zn-orbital regular graph, and 
KI.~-I is a Z~_l-orbital regular graph. It follows from the definition of a Frobenius 
group that a G-Frobenius graph is also a G-orbital regular graph. 
Conversely, assume that F----(V,E) is a G-orbital regular graph. Suppose first that 
G is transitive on the vertex set V. Since G is regular on each of its orbits on (V)2, 
Guy--1 for any two distinct points u, v C V. If  G is not regular on V then, by the 
definition of a Frobenius group, G is a Frobenius group. Thus, either G is a Frobenius 
group on V or G is regular on V. By the definition of a G-orbital regular graph, 
there is a G-orbital O such that E={{x,y} I (x,y)CO} and G is regular on O. 
Hence, 
IEI = g 161 if O#O*, 
( 161/2 if o=o* .  
(3) 
I f  G is a Frobenius group then F is a Frobenius graph as in part (i). Thus, we may 
suppose that G is regular on V, so IGI = IVl=n.  Note that F is connected and regular 
(since G is transitive on V). I f  IE1=1GI/2, then since F is connected it follows that 
n=2 and F=K1,1 as in part (iii). So we may assume that IEI = IGI =lVl. It follows that 
each vertex belongs to two edges and hence F=Cn. Since IEI = 161 it follows from (3) 
that O # O*. Now, we have G ~< Aut F = D2n where D2n = (a, b ] an -- b2 = 1, a b = a-1 ), 
161=n, 6 is regular on V and E, and O#O*.  It is easy to check that G---(a)~7/n 
has these properties. The only other subgroups of D2n of order n occur for n even and 
are conjugate to either G= (a 2, b) which is not transitive on V, or G= (a 2, ab) which 
has O as a self-paired orbital. Thus, G=77~ as in part (ii). 
Next, we assume that G is not transitive on V. Since Guy= 1 for each pair of 
distinct points u and v, it follows that each nonidentity element of G moves at least 
IVl- 1- -n -  1 points. Suppose first that there exists some uEV which is fixed by 
all elements of G. Then only the identity of G fixes any point of V\{u}, so 161 
divides IVl- 1--n - 1. On the other hand, since F is connected we have IEI ~>n - 1, 
and since G is transitive on E we have IGI ~>n - 1. It follows that G is regular on 
V\{u}. Since F is connected, u is joined to some, and hence all points of V\{u}. 
Therefore, E={{u,  v}lvEV\{u}} and so F=K1.n-1 as in part (iii). Thus, we may 
assume that all orbits of G in V have size greater than 1. Since F is connected there 
is {u, v}EE such that u and v lie in different G-orbits in V. Let Vl and V2 be the 
G-orbits containing u and v, respectively, and let O be the G-orbital containing (u, v). 
Then E={{x,y} l (x ,y )EO }. Since no element of a interchanges u and v, we have 
050*  and hence, G is regular on E. Since G is transitive on E, each edge connects 
a point of VI to a point of V2. Then since F is connected it follows that V--V1 tA V2 
and F is bipartite with V,, V2 as the parts of the bipartition. By [13, Excercise 5.U], 
G is regular on either V1 or V2. Without loss of generality, we may assume that G is 
regular on V1, that is, [VI[=]G I. Since [E[=[G[ each vEVI is connected to a unique 
vertex of V2. By the connectivity of F we must have I/I21= 1, which contradicts the 
fact that [ V21 i> 2. [] 
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Now, we investigate the structure of Frobenius graphs as Cayley graphs of the 
Frobenius kernel by proving Theorem 1.4. 
Proof of Theorem 1.4. Since K is the Frobenius kernel of G, K is regular on the 
vertex set V of F, and hence we may identify V with K in such a way that K acts 
by right multiplication. For 1 E K = V write S := {s E K I { 1, s} E E}. Then (S) =K and 
F=Cay(K,S) (see, for example, [1, Lemma 16.3]). Now we determine the structure 
of S. Choose xES. Let H be the stabilizer in G of the point 1. Then for each hEH, 
{1,xh}={1,x}hEE and so xhES. Thus, xnc_s. Assume first that O=O*,  that is, G 
is regular on the set of arcs of F. Then H is regular and faithful on S. So S =x ~. 
Since S=S -1, there is some hEH such that xh=x -1, and hence x h2 =x. Thus, h2--1. 
If h~l  then Inl is even. If h--1 then x=x -1, that is, Ixl--2. Next, we assume that 
O~O*,  i.e., G is regular on E. Then H is semiregular on S. Suppose that H has 
m orbits on S, denoted by xff ..... XHm where Xl=X, X2 ..... xmES. For i=1 .. . . .  m, set 
ei={1,xi}EE. Since O~O*,  we may assume that (1,x)EO, so (x, 1)EO* and hence 
also (x, 1) x-' =(1 ,x -1)EO *. Thus, x and x -I lie in different H-orbits and, conse- 
quently, m>~2 (and of course x~x-1). We claim that m--2 and x2~=(x-1) ~. Let 
iE{2 . . . . .  m}. Since G is transitive on E there is some gEG such that e~=ei, and 
we may write g=hz for some hEH and zEK. Thus, e~={z, xhz}={1,xi}. If z~ l ,  
then z=xi and xhz=l. It follows that Xi=Z=(X--1) h, and so xff=(x- l )  ~. If z= l ,  
then xhz=x h =xi, and hence xff =x ~, which is impossible. So m=2, x~ =(x -1)"  and 
S=xHU(x-1) ~. If ]H I is even, then by [5, p. 339], K is abelian and there is a unique 
hEH with order Ihl=2 satisfying xh=x -1. Thus, xH=(x-1)  H, which is a contradic- 
tion. So [H I is odd. 
Next, we prove the converse. Since (x ~) =K, Cay(K,S) is connected. If S=x H 
then E is the set of all images of the pair {1,x} under elements of G and hence is 
{{y,z} I (y,z)EO} where O=(1,x)  c. If s=xnu(x-1)  H with IHI odd and ]xl>2 
then xn¢(x-1)  H and again E={{y,z} ] (y,z)EO} where O=(1,x)  6 (noting that 
x - l  EK maps {1,x} to {x -1, 1}). Thus, in either case, Cay(K,S) is a G-Frobenius 
graph. [] 
Given a Frobenius group G=K:H with Frobenius kernelK it follows from 
Theorem 1.4 that the class f#(G) of all G-Frobenius graphs is simply the class of 
all Cayley graphs Cay(K,T) where T -- To U To I (possibly To = To 1) and To runs 
over all H-orbits in K which are generating sets for K. 
3. Afline Frobenius graphs as quotients of Frobenius graphs 
Here we prove Theorem 1.5, in which a family F(F) of affine Frobenius graphs is 
constructed from a given G-Frobenius graph F. If G and F(F) are given then we can 
construct a family of G-Frobenius graphs from F(F) which will include the original 
graph F. The family F(F) alone need not determine G and F uniquely, in general, 
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although in certain circumstances it does. Nevertheless, the graphs in F(F) are, in 
general, simpler than F and can give useful information about F. 
First, we note some facts about finite Frobenius groups. By the famous theorem of 
Thompson, the Frobenius kernel is nilpotent. The following lemma gives Thompson's 
result and some other useful properties of Frobenius groups. 
Lemma 3.1 (Gorenstein [5, pp. 38 and 339]). Let G be a finite Frobenius group with 
Frobenius kernel K. Then 
(i) K is nilpotent, that is, K is the direct product of its Sylow subgroups; 
(ii) Inl divides Ig l -  1; 
(iii) every element of H\{1} induces by conjugation an automorphism of K which 
fixes only the identity element of K; 
(iv) if ]H I is even, then K is abelian and H possesses a unique involution which 
necessarily is contained in Z(H). 
Next, we observe that various subgroups and quotient groups of Frobenius groups 
are also Frobenius groups. 
Lemma 3.2 (Scott [9, p. 351]). Let G be a finite Frobenius group with Frobenius 
kernel K, and let H be a complement of K in G. For a subgroup K1 with 1 ¢ K1 ~ K, 
(i) if K1 <1 G, then G/K1 is a Frobenius group with Frobenius kernelK/Kl; 
(ii) if 1 <1-11 <~H with HI ~<No(K1), then KI:H1 is a Frobenius group with Frobenius 
kernelKl. 
Our next lemma links the action of a Frobenius complement on the Frobenius ker- 
nel K with its action on the Sylow subgroups of K. 
Lemma 3.3. Let G=K:H be a finite Frobenius group with Frobenius kernelK. Let 
Pl . . . . .  P t  be the distinct prime divisors of IKI and let P,. be the Sylow pi-subgroup 
of K, for i=1  . . . . .  t, so that K=PI  × ... ×Pt. Let x=x l  . . . x tEK  with xiEPi for 
i = 1 . . . . .  t. Then 
(a) (x H) =K if and only if (x/n) =Pi for each i= 1 . . . . .  t and 
(b) for each i= 1 .. . . .  t, (x/n) =Pi if and only if (tP(P/)x/n) =P//~(P/)  (and Pd¢(P~) is 
an elementary abelian pi-group). 
Proof. (a) Set ni := [K/Pil for i=  1 . . . . .  t. Suppose that (x/n) =P/, for each i=  1 . . . . .  t. 
Since x n' =x in', ((x"')14) = ((x n')n) ~< (x14). Since (ni, IP,'[)= 1, ]xn'[ = Ixi[, which implies 
,i and so (x/n) ~< ((x~')14). Hence, that xi is a power of x i 
Pi=(xi14)<~((xT')H)<~(x14), i=1  . . . . .  t. 
So (x n) =K. Conversely, suppose that (x14) =K and write x=xl  .. "xt with xi EP/ for 
i=  1,. . . , t .  Then for any yicP,,  there are elements hl , . . . ,hsEH such that y i=x  h~ 
• -- x hs E Pi. Since Pj is a characteristic subgroup of K for each j E { 1 . . . . .  t} and 
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since distinct Pj centralise ach other, it follows that the Pj-component of x h' ...  x h' is 
x;' . . .  x~', for each j = 1,..., t. Since Yi C 1],. it follows that 
y i=x  hI . , . xhsE  (xH). 
So (xi H) =P, for each i=  1 .. . . .  t. 
(b) By [5, Theorem 1.1 (i), p. 173], xi H is a generating set for it}/ if and only if its 
image ~(P/)x/~ = {~(P/)x/hlh EH} generates P//~(P/). By [5, Theorem 1.3, p. 174] we 
know that P//~(P/) is elementary abelian. [] 
Now, we complete the proof of Theorem 1.5. 
Proof of Theorem 1.5. By Theorem 1.4, F = Cay(K,S) is a G-Frobenius graph if 
and only if (x to) =K.  By Lemma 3.3, (x n) =K if and only if (~(Pi)x H) =P//~(P/) 
for each iC {1,...,t}. By Lemma 3.2, each Gi is a Frobenius group, and thus by 
Theorem 1.4, (~(Pi)x H) =Pi/~(P~) if and only if Fi is a Gi-Frobenius graph. There- 
fore, F is a G-Frobenius graph if and only if F,. is a Gi-Frobenius graph for every 
iC{1 .. . . .  t}. [] 
Let F and F/, for i = 1,..., t, be defined as in Theorem 1.5, and set 
F(r) :=  {r~ . . . . .  r t}.  
Note that, for a p-group P, P/~(P) is elementary abelian. So all graphs contained in 
F(F) are affine Frobenius graphs. Thus, by Theorem 1.5, each G-Frobenius graph F 
determines a family F(F) of affine Frobenius graphs. There are simple examples of dif- 
ferent Frobenius groups G1, G2, and corresponding Gi-Frobenius graphs F/ ( i= 1,2), 
such that the graphs in F(F1), F(F2) are isomorphic. For example, we could take 
G1 = ~-p:~-r and G2 = 7/p2:~-r where r divides p -1 ,  or we could take Gi =g i :n  where 
K1 is a nonabelian p-group of order p3 and/(2 = 7p x 7@ However, even if we keep 
G fixed, the family F=F(F)  of affine Frobenius graphs together with the group G, 
will in general determine several G-Frobenius graphs. Each F/= Cay(Ki, Si)E F deter- 
mines a generating subset S i = (~(P i )x i )  H I..J (~(Pi)xF 1 )I-I for K i = Pi/~(Pi). Then set- 
ting x =x l . . .x t ,  we have (x H) =K since ((~(Pi)xi) u) =Ki for all i (by Lemma 3.3). 
Thus, the graph F=Cay(K,S),  where S=xHU (x- l)  I¢, is a G-Frobenius graph. Now, 
instead ofxi we could have chosen any representative of any of the cosets of qb(Pi) in 
Si. That is to say, given the graphs F,. and the subsets Si = (~(Pi)xi)Ieu (~(Pi)x71 )n, 
we could have chosen, for each i, an element x~ =yi(x~i) h', where Yi E ~(Pi), hi EH 
and ei = + 1. Then setting 
X' :=X'I ' - -X~ = y~(x~' )h, ...  yt(xt')h' 
and S ~:=(x')HU(x/-1) H, the graph U=Cay(K ,S  ~) would be a Frobenius graph. 
Moreover, for this graph U, the family F(U)  would consist of the graphs F[ = Cay(Ki, 
S[), where 
S; = (#(Pi)x~)H LJ (~(Pi)(x~)- t )n. 
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Now, (~(Pi)x~) H =(~(Pi)x~i) H and hence F i=U for each i, and hence F(F ' )=F .  
Let f~(G,F) denote the family of graphs F = Cay(G,S) obtained in this manner. Then 
we have the following: 
Theorem 3.4. Let G = K:H be a finite Frobenius group with Frobenius kernelK = 
P1 × "'" x Pt where the Pi are the distinct Sylow subgroups of  K. Set Ki =Pi/~(Pi) 
and Gi=Ki:H, for i= 1 . . . . .  t. Let F=Cay(G,S)  be a G-Frobenius graph where 
S=x H U(x-1)  H, for  some x=x l  .. "xt where xi EPi. Then, with the notation intro- 
duced above, 
(i) F=F(F )  is a family o f t  affine Frobenius graphs, and 
(ii) ~(G,F )  is a family o f  G-Frobenius graphs such that, for each F' E~(G,F ) ,  
F(r') = F. 
It is not quite clear how large f f (G,F)  will be, in general. The next theorem shows 
that, for some groups G, all G-Frobenius graphs are isomorphic. 
Theorem 3.5. Let G =K:H be a finite Frobenius group with Frobenius kernelK = 
P1 x . . .  x Pt. If, for  all i= 1 . . . . .  t, NAut(K)(H) is transitive on the set o f  H-orbits in Pi 
which are generating sets for Pi, then all G-Frobenius graphs are isomorphic. 
Proof. Let Ei=Cay(K,  Sj), for j=  1,2, be two G-Frobenius graphs with S1 =XHU 
(X- l )n and $2 = yH U (y -  1 )H for some x, y E K. We shall show that /'1 ~ F2. Now 
x=x l  . . .xt  and y=y l  " "y t ,  where xi, YiCei for i=1  . . . . .  t. Since F1 and F2 are 
connected, by Lemma 3.3, (x if) = (y~)=P/  for i=  1 .. . .  ,t. For each l<~i<~t, since 
x H and ~ are two H-orbits which are generating sets for P,, there exists some 
~' x Aut(Pt), we may o'i E NAut(K)(H) such that x i = Yi. Since Aut(K) = Aut(Pl)  x -.. 
assume that oi E Aut(P/). Set a := al . . .  at. Then a E Am(K)  = Aut(Px ) x . . .  x Aut(Pt). 
So 
x° = x~ ~ "'" xt' = Yl "'" Yt = Y. 
It follows that (x H y= (x °) H° = yH, that is, S~ = $2, and so /"1 ~ F2. [] 
The following corollary is a direct application of Theorem 3.5. 
Corollary 3.6. Let p be a prime and n = p~' • •. Pt' where the Pi are distinct primes. 
Let G =K:H be a Frobenius group with Frobenius kernelK of  order n. Then all 
G-Frobenius graphs are isomorphic if G satisfies one of  the following conditions: 
(a) K ~-- Y,; 
(b) K~2p x ~-n with (p ,n )= 1 and H~-7/pr_l, where pa,= 1 (modp r - 1). 
Proof. (a) Since K is cyclic, Aut(K) is abelian and transitive on generators for K. 
Note that H is isomorphic to a subgroup of Am(K).  So NAut(K)(H)= Aut(K). Thus, 
the conclusion is true in case (a) by Corollary 3.6. 
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(b) Write K=Pt  x ...  x Pt where P1 .. . . .  Pt are distinct Sylow subgroups. Since 
Aut(K) = Aut(7/~) x Aut(Z,) it follows that Aut(7,) is a normal subgroup of Aut(K). 
Let X :=HAut(7/,). Then X ~<Aut(K). Clearly, Aut(Y,) is transitive on generators for 
7/, and H is transitive on Z~\{I}. Thus, X is transitive on the set of H-orbits in P/ 
which are generating sets for P,-, for i = 1 . . . . .  t. On the other hand, it is straightforward 
to verify that H is normal in X (in fact, Am(Z,) centralises H), and so X ~< NAut(K)(H). 
Thus, NAut(K)(H) must be transitive on the H-orbits in P, which are generating sets 
for P/ for all i. So the result is true in case (b) by Theorem 3.5. [] 
The examples in Corollary 3.6 tell us that for some Frobenius groups G all G- 
Frobenius graphs are isomorphic. However, it is quite difficult to judge whether F1 ~ F2 
for two G-Frobenius graphs Fl and FE, for a general Frobenius group G. The next the- 
orem is similar in spirit to Theorem 3.5. It demonstrates that, for some groups G, iso- 
morphisms of G-Frobenius graphs are determined by automorphisms of the Frobenius 
kernel. 
Theorem 3.7. Let G = K:H be a Frobenius group with K a p-group, for some prime 
p. Let F (i) =Cay(K,S (0) be a G-Frobenius graph for i= 1,2. Suppose further that 
either ]K[=p t with t<~3, or Z(K)=2Vp,) x ... xZp,s with s>>.l and / f s> l  then 
nl >n2~ >' ' '  >~ns. Then 1"1-~F~ if and only if there is some trEAut(K) such that 
(s( l )y  = S(2~. 
Proof. Suppose first that ]KI =pt  with t~<3. If K is nonabelian, then [K] =p3 and 
Z(K) ~-Zp, and the result will follow from the second part of the theorem proved 
below. Suppose now that K is abelian. In the case where K is cyclic the result follows 
from Corollary 3.6 (a). If K is elementary abelian, that is, K is isomorphic to either 
~p2 or yp3, then the result holds by [4] and [3], respectively. Finally, we consider 
K~7/p2 × 7/p. Since ~(K)'~2ep is a characteristic subgroup of K, by Lemma 3.2(ii), 
• (K):H is a Frobenius group, and hence H is isomorphic to a subgroup of 7/p_1. 
Consequently, F (i) has valency at most 2 (p -  1), and again the result follows from [8]. 
Now we assume that Z(K)=7/p,, × ... × Zp,~ with nl >n2~ > ""  ~>ns i f s> l .  Since 
Z(K) and ~(Z(K)) are characteristic subgroups of K it follows from Lemma 3.2 that 
Z(K):H and ~(Z(K)):H are Frobenius groups. Define K0 =Z(K)  and Kj = ~(Kj-1), 
for j=  1,...,nl. By [7, p. 272], Kj=~(Kj_1)=Kj_IKP_1 for j=  1 . . . . .  nl. Since Kj is 
a characteristic subgroup of Kj_ l for j - -  1 . . . . .  n l, as above we conclude that Kj:H is a 
Frobenius group, for j = 1 . . . . .  n l. Now let j = n2 if s/>2, and set j = 0 if s = 1. Since 
Kj ~ 7/p,,_j, Kj contains a unique subgroup of order p. Arguing as above we know 
that 7/p:H is a Frobenius group, so that [HI is a divisor of p -  1 (by Lemma 3.1(ii)). 
Since H~ 1, p is odd. I fK  is nonabelian then [H[ is odd so [H[ divides (p -  1)/2. 
Hence we have 
~" 2 (p -  1) if K is abelian, 
val(/') ~< 
1 p-  1 if K is nonabelian, 
where val(F) denotes the valency of F. The result now follows from [8]. [] 
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4. The edge-forwarding index of orbital regular graphs 
Using a result of Heydemann et al. (see [6, Theorem 3.2]), So16 [10, Theorem 2.2] 
proved that the edge-forwarding index H(F) for an orbital regular graph F=(V,E) 
is 
H(F)=~E[(~,v)~vxvd(U,V). (4) 
Unfortunately, it is difficult to calculate the number of vertices at a given distance 
from u for many classes of orbital regular graphs and so, even with formula (4), 
it is still, in general, difficult to determine H(F). Using formula (4) we see that, 
H(KI,n-1 ) = 2n - 2 and 
f ~  i fn  is odd, 
I-l( Cn) .~ (5) 
~- if n is even. 
The purpose of this section is to explore further the problem of computing H(F) 
for Frobenius graphs F. In particular, we give a proof of Theorem 1.6, and apply it 
to calculate H(F) for several families of Frobenius graphs. In the remainder of the 
section let G=K:H be a Frobenius graph with Frobenius kernelK of order n, and let 
F = Cay(K, S) be a G-Frobenius graph. Let d denote the diameter of F and suppose that 
F has type (n l  . . . . .  ha), that is, for i = 1 . . . . .  d, H has ni orbits in F,.(1)={uEKld(1,u ) 
=i}, say Ai, l ..... Aim,. Note that, as F/(1) is a union of H-orbits, d(1,u)=d(1,v) 
whenever u, v lie in the same H-orbit. Also, since an element u -~ E K maps the pair 
of vertices (u, 1) to (1,u- l) ,  we have d(1,u)=d(1,u-1). Using this notation we now 
prove Theorem 1.6. 
Proof of Theorem 1.6. Now, F I (1 ) -S  and, for each i = 1 . . . . .  d, since IA;,;I = Inl for 
each j,  we have Ir,(1)l =nilH]. Since F has valency ISI, IEI =nlSI/2. In formula (4), 
since F is vertex transitive, we find that 
n 2 2 
H(F) = ~-~ Z d(1,u)= ~-~ Z ilFi(1)l = ~(n l  + 2n2 + ' "  + dnd)lH]. 
uEV 1 <~i <~d 
If IHI is even or Ixl =2,  then ISI = IHI and so r/ r)=2 ini. If IHI is odd and 
Ix[>2 then IS] =21H I, and hence H(F )= ~d=l ini. Note that ]H I is odd and Ix]>2 if 
and only if IS] = 2]H I, which is true if and only if the number n 1 of H-orbits in F1(1 ) 
is equal to 2. So Theorem 1.6 is proved. [] 
Now, we give some examples of computing H(F) using Theorem 1.6. Let 
r(G) denote the rank of G, that is, the number of orbits of H in K, that is r(G)= 
1 + (]K] - 1 )/]H I = 1 + ~ 1 <~i <.d hi" First, we determine the distance transitive Frobenius 
graphs and their edge-forwarding indices. 
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Table 1 
d Type ll(F) Comments 
1 (r(G) - 1) 2 F=Kn,n prime power 
2 (1,r(G) - 2) 2(2r(G) - 3) r(G)~>3 
(2,r(G) - 3) 2(r(G) - 2) r(G)~>5 
3 (1,1,1) 12 F=C7 
(1,1,2) 18 r(G) = 5,n prime power 
(1,2, 1) 16 r(G) = 5,n prime power 
4 (1,1,1,1) 20 F=C9 
Proposition 4.1. A G-Frobenius 9raph is G-distance-transitive if and only if it has 
type (1, 1 .. . .  ,1). Furthermore, if  a G-Frobenius 9raph F of diameter d >>.2 is G- 
distance-transitive, then it is a strongly regular 9raph (that is, d =2)  or a cycle of 
odd length, and FI(F) is (d + 1 )d. 
Proof. A G-Frobenius graph F is G-distance-transitive if and only if, for each i = 
1 . . . . .  d, F/(1) is an H-orbit, which is equivalent o saying that F has type (1,. . . ,  1). 
Now suppose that F has type (1 . . . . .  1), that d > 2, and that the valency of  F is r. For 
i , jE  {0, 1 . . . . .  d} and u E Fj(1), set Sl, i , j  = [Fff l )N F/(u)[ (where we set F0(1):= {1}), 
and note that Sl,i. j is independent of  u. Set cj :=Sl,j_l, j and bj :=S I , j+ I , j ,  where j E 
{0 . . . . .  d}, except that co and ba remain undefined. By [1, (1) of  Proposition 20.4], 
bi-i =el, for i=  1 . . . . .  d. Also by [1, Proposition 20.4, (2) and (3)] we conclude that 
c3 =b2 <<.bl =c2 <<.c3 whence bl =b2 =c2 =c3, and similarly that c2 . . . . .  ca = 
bl . . . . .  ba-l. Then by [2, Proposition 5.4.4], ca-I . . . . .  cl = 1, and hence c2 . . . .  
=ca=bl  . . . .  ba-1 = 1. In particular, c2=b2=bl  =Cl = 1 since d~>3. Each vertex 
u E F(1) is adjacent o exactly r -  bl - c l  = r -  2 vertices of  F(1). Choose u E F(1 ) 
and wEF2(1)  with {u,w}EE.  Since b2=l  there is a unique vEF(1)  such that 
d(v,w)=3,  and hence such that {u,v} fiE. Now, d(u,v)=2 and d(u ,z )=d(v ,z )= l, 
for all z C F(1)\{u,v} and also for z= 1. It follows that c2 = I{zld(v,z)= 1 =d(v,z)}r 
~>r-  1. Since c2=1 we conclude that r=2,  that is, F is a cycle. Since G is a 
Frobenius group, F has odd length. Finally the value asserted for H(F) follows from 
Theorem 1.6. [] 
Now, we show how to compute FI(F) when the rank r(G) is at most 5. 
Proposition 4.2. Let F be a G-Frobenius graph of order n and diameter d, with 
type (nl . . . . .  na) and rank r (G)= 1 + ~l<<i<~dni  . I f  either d<<.2 or r(G)~<5 then the 
possibilities for the type and I I(F) are given in Table 1. 
Proof. I f  d = 1, then F is a complete graph, and H(F)= 2 by Theorem 1.6. Note that 
G is either 2-transitive or has rank 3 so is primitive, whence the Frobenius kemelK 
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is elementary abelian and n is a prime power. So we may suppose that d i>2. Set 
r := r(G). First, we show that, if r ~< 5, then either the Frobenius kernel K is elementary 
abelian, or r=5,  K=7/9  and G=D18. Write G=K:H. Since H acts semiregularly on 
K\{1} with r -  1 orbits, we have IKI =( r -  1) lnl+ 1. Suppose that r~<5. Suppose first 
that K is not a p-group for some prime p. Then K =P1 x .. .  x P~ where s>~2 and the 
P/ are the Sylow subgroups of K. By Lemma 3.2, each Pi:H is a Frobenius group so 
IP, I = tilnl + 1 for some t i >~ 1. Since Iell ¢ IP21, t l¢  t2. Thus, 4lnl  + 1 >~(r - 1) In I + 
1 = Igl = I-I~=j IP/I = 1-I~=l(tglnl + 1)~>(Inl + 1)(2lnl + 1) =21HI 2 + 3lnl + 1, which 
is a contradiction. Hence K is a p-group for some prime p. I f  K is not elementary 
abelian then ~(K)~ 1. Hence, by Lemma 
Frobenius groups where K=K/~(K) ,  and 
for some tl,t2>~ 1. Now Igl = IKI" I~(g) l  
m 
3.2, both ~(K) :H  and G/~(K)=K:H are 
so I~(g) l  =tltHI + 1 and ]K[ =t2lHI  + 1 
~>(Ial + 1)2~>41HI + 1 since IBis>2, and 
hence r=5,  IHI =2 and [KI = [~(K)I =3, whence K=7/9  and G=D18.  
Suppose next that d=2,  so r~>3 (and r may be greater than 5). Then F has type 
either (1,r - 2) or (2,r - 3), and by Theorem 1.6, I I (F)=2(2r - 3) or 2(r - 2), 
respectively. In the case of type (2 , r -  3), r must be at least 4 (since d =2) .  I f  r=4 
then by Theorem 1.6, H is of odd order and K is not an elementary abelian 2-group. 
Since r = 4 <5,  we have shown above that K is an elementary abelian p-group for 
some prime p. Since K is not an elementary abelian 2-group, p is odd and hence 
IGI is odd. I f  yEF2(1)  then, as we noted above, also y-1 CF2(1)" Further, y is not 
conjugate to y-1 under H since ]H I is odd, so )/4 A (y -1 )H= 0. Hence, H has at least 
2 orbits in F2(1), which is a contradiction. Thus r~>5. 
Thus, we may assume that d ~> 3, so r >/4. I f  r = 4 then d = 3 and G has type (1, 1, 1 ) 
and in particular, F is G-distance-transitive. By Proposition 4.1, F is a cycle of odd 
length, and hence F = C7 and H(F)= 12 (by (5)) as on line 4 of Table 1. Suppose 
finally that r = 5. I f  G has type (1, 1, 1, 1) then F is G-distance transitive and, again 
applying Proposition 4.1, F = C9 and I I (F)= 20 (by (5)) as on line 7 of Table 1. Thus, 
we may assume that d=3 and hence that G has type (1, 1,2) or (1,2, 1) or (2, 1, 1). 
In particular, G¢D18, so by our argument above, K is an elementary abelian p-group 
for some prime p. Suppose first that the type is (2, 1, 1). Then by Theorem 1.6, both 
]H I and p are odd. Let y C F2(1). Then also y - I  C F2(1) and arguing as above we see 
that y~/ and (y- l )~/  are distinct H orbits in F2(1), contradicting the fact that the type 
is (2, 1, 1). Hence the type is (1, 1,2) or (1,2, 1) and (by Theorem 1.6) II(F) is 18 or 
16, respectively. This completes the proof of Proposition 4.2. [] 
As a corollary to Proposition 4.2, we recover Solr's result [10, Section 3.1] that the 
Paley graphs have edge-forwarding index 6. The next example shows that Frobenius 
graphs of type (1,2) are easy to construct. 
Example 4.3. Let p be a prime and n a positive integer such that 3 1 pn _ 1 and pn ~ 7. 
Let G = ~;p:Y4p"-l)/3 ~<AGLI(Pn), and let F be a G-Frobenius graph. Then F has type 
(1,2) and diameter 2, and I I (F)= 10. 
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Proof. Now ~pn_l)/3 acts semiregularly on 7/~\{1}, and hence has three orbits with 
equal size (pn _ 1)/3. Thus, F has diameter at most 3 and is neither a cycle nor a 
complete graph. By Proposition 4.2, F is as on line 2 of Table 1 and it has type (1,2) 
and H(F)= 10. [] 
Our final result shows that there are examples corresponding to most of the other 
lines in Table 1. The only case not covered is line 5 of Table 1. We do not know 
any examples of Frobenius graphs F with type (1, 1,2), and we wonder whether such 
graphs exist. 
Proposition 4.4. The Frobenius groups G =K:H where K, H are as in (i), (ii) or (iii) 
below, all have rank r(G) = 5, and each G-Frobenius graph F has type t as indicated 
(i) I f  K=~-13 and H=7/3, t=(2,2) .  
(ii) I f  K=7/41 and H=7_lO, t=(1,3) .  
(iii) I f  K=7/5 × Y5 and H=7?6, t=(1,2,1) .  
Proof. (i) Since [K:H I is odd, IS[ =21H[ and hence nl =2.  Since r (G)=5 it follows 
from Proposition 4.2 that F has type (2,2). 
(ii) Suppose that K = (a) and H = (z). Direct computation shows that we may 
assume that a~= a 4. Thus, 
S = a H = {a, a 4, a 16 ,a 23, a 10 ,a -  1, a -4 ,  a -  16, a-23, a -  10 }. 
Noting that a 2 = a-  16a-23, a 3 = a4a - ! and a 6 = a l6a -  10, we have (a 2)H, (a 3 )H, (a 6)H C_ 
/'2(1). It is easy to verify that (a2)n,(a3) H and (a6) H are pairwise disjoint. Thus, 
K= {1} USU((a2) H U(a3) H U(a6)H), and hence the type of F is (1,3). 
(iii) Suppose that H= (tr, z) with lal =2 and I~l =3. Then a inverts all elements of 
K. Write S = a H for some a E K, and let b = aL Since (S)= K, (a, b )= K and hence 
K = (a) x (b). Assume that b ~ = aib j for some integers i and j. From a ~3 = a it follows 
that i = j  =-  1. Thus, 
S= {a,b,a-lb-l ,a-l ,b-l ,ab}. 
It is easy to show that ab-l,a2cl'2(1), and ab -1 ~(a2) H, but a3bf[{1}USUF2(1). 
It follows that F has diameter 3 and the type of F is (1, 2, 1). [] 
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